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ABSTRACT
The analytical theory of satellite orbits in an atmosphere developed by King-Hele remains widely in use for satellite mission
design because of its accurate approximation to numerical integration under simplifying assumptions. Over the course of six
decades, modifications to the theory have addressed many of its weaknesses. However, in all subsequent modifications of the
original theory, the assumption of a constant drag-coefficient has been retained. The drag-coefficient is a dynamic parameter that
governs the physical interaction between the atmosphere and the satellite and depends on ambient as well as satellite specific
factors. In this work, Fourier series expansion models of the drag-coefficient are incorporated in the original King-Hele theory
to capture time-variations of the drag-coefficient in averaging integrals. The modified theory is validated through simulations
that demonstrate the attained improvements in approximating numerical results over the original King-Hele formulation.
Key words: atmospheric effects – methods:analytical – planets and satellites: atmospheres – Earth – celestial mechanics
1 INTRODUCTION
The motion of satellites in an atmosphere is governed by parame-
ters with complex time-dependent profiles such as the atmospheric
density and the drag-coefficient that represents the gas-surface inter-
actions between the satellite surface and atmosphere. A prediction
of the satellite states, the position and velocity or the orbital ele-
ments, can be most accurately obtained by numerical integration of
the equations of motion. But numerical integration is a computa-
tionally expensive process and does not prove feasible for analysis
of long-term evolution of the orbital elements. A time profile of the
semi-major axis and eccentricity evolution is required to obtain an
estimate of the satellite lifetime which is indispensable for mission
design and maneuver planning. Therefore, a closed-form analytical
solution of the change in semi-major axis and eccentricity, i.e., or-
bit contraction, is essential. Fortunately, a closed-form solution is
possible under some simplifying assumptions regarding the atmo-
sphere and was outlined by King-Hele (1964) in his comprehensive
treatise on the subject. Assuming an exponentially decaying atmo-
sphere with constant density surfaces at any altitude, expressions for
changes in semi-major axis and eccentricity, averaged over an orbital
period, were derived for both spherically symmetrical and oblate
atmospheres. The integration of the Lagrange planetary equations
led to separate series formulations for three eccentricity regimes -
circular, low eccentricity (e < 0.2) and high eccentricity (e > 0.2).
Several improvements to the original King-Hele formulation have
been developed in the literature. Whereas King-Hele developed sep-
arate formulations for low and high eccentricity regimes with an
empirical boundary condition of e = 0.2 using heuristic methods for
⋆ vishal.ray@colorado.edu
integration, Vinh et al. (1979) provided a rigorous analytic solution
using PoincarÃľ’s method for small parameters (PoincarÃľ 1960).
The singularities arising in classical orbital elements for nearly cir-
cular orbits were removed by Sharma (1991) by formulating the
theory in non-singular elements. One of the weakest assumptions
in the original King-Hele formulation is the stationary and expo-
nentially decaying nature of the atmospheric density. The effect of
diurnal and latitudinal variation of atmospheric density on the orbital
elements have been addressed by various authors (King-Hele 1964).
The assumption of a fixed scale height for the exponentially decaying
density can introduce large errors as the distance from the perigee
increases. King-Hele (1964) tried to address this approximation by
assuming a linear variation of scale height. More recently, significant
advances were made in incorporating a generic atmospheric model
in the theory by fitting multiple exponentially decaying partial atmo-
spheres to the model (Frey et al. 2019). Frey et al. (2019) were also
able to arrive at a variable boundary condition for the eccentricity
regime that was fixed by King-Hele at 0.2.
1.1 Proposed improvement to the original King-Hele theory
In the original King-Hele theory and all the modifications there-
after, the drag-coefficient has been considered constant. Advances
in the study of the drag-coefficient for low altitude satellites in
the past few decades have revealed the dynamic nature of the pa-
rameter with variations correlated with the atmospheric density as
well as independent of it. Several numerical (Mehta et al. 2013,
2014; Sun et al. 2019) and analytical methods (Walker et al. 2014;
Pilinski et al. 2013; Moe & Moe 2005) exist to capture the time-
variation of the drag-coefficient tied to ambient parameters such as
atmospheric composition and satellite-specific factors such as at-
titude. All these methods assume a functional dependence of the
drag-coefficient on various input parameters through a gas-surface
interaction model. It is not possible to incorporate these complex
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drag-coefficients models in their original form in the King-Hele the-
ory and obtain a closed-form solution. But a parameterization of
these models in terms of a high-frequency orbital element such as
true anomaly or eccentric anomaly can allow the drag coefficient to
vary in the King-Hele theory. The variation of the drag coefficient is
periodic with the velocity vector in the body frame of the satellite and
nearly-periodic in the orbital frame. This allows the drag-coefficient
to be expanded as a Fourier series in the body frame and orbit frame
of the satellite. The authors proposed body-dependent and orbit-
dependent Fourier drag-coefficient models and demonstrated their
improved performance in orbit determination and prediction over
the standard ‘cannonball’ model that estimates the drag-coefficient
as a constant (Ray et al. 2020; Ray & Scheeres 2020). In this work,
the original King-Hele theory for a spherically symmetric atmo-
sphere is expanded upon by allowing the drag-coefficient to vary in
time using the Fourier drag-coefficient models. This extended King-
Hele theory will not only be useful in improving lifetime estimates
of the satellite but also improve derivation of atmospheric densi-
ties from satellite decay data using general perturbation methods
since the drag-coefficient is assumed to be constant in such studies
(Picone et al. 2005). The extended theory also reveals the value of
the constant drag-coefficient that should be used in the original King-
Hele formulation to obtain an accurate approximation to numerical
results. Additionally, this extension of the King-Hele formulation can
be combined with the other improvements outlined previously to ob-
tain a generalized analytical theory of satellite orbits in the presence
of atmospheric drag.
1.2 Outline
The analytical change in the semi-major axis, eccentricity and argu-
ment of perigee over an orbital period with the proposed extension
is derived in detail while noting that the other orbital elements re-
main constant under the given assumptions. The orbit and body-fixed
Fourier models are discussed in section 2. Section 3 outlines the La-
grange planetary equations for the orbital elements following King-
Hele’s formulation. In section 4, the orbit-fixed Fourier (OFF) model
is applied to theKing-Hele theory and the orbital element changes are
derived for both low eccentricity and high eccentricity regimes. The
drag-coefficient is assumed to vary solely due to ambient parameters
and the orientation w.r.t the atmosphere is assumed to be constant.
Section 5 carries out the procedure for the body-fixed Fourier (BFF)
model for a nadir-pointing and an inertially stabilized satellite where
the drag-coefficient is assumed to vary solely due to changes in orien-
tation of velocity vector in the body-frame. But the drag-coefficient
in an actual scenario varies due to both the factors. An approximate
method to capture the dependence of the drag-coefficient on both the
factors is provided. In section 6, it is demonstrated that the higher-
order Fourier coefficients do not contribute to the change in orbital
elements for a circular orbit under the assumptions of the King-Hele
theory. The theory is validated using simulated satellite trajectories in
section 7. Finally, section 8 discusses and summarizes the developed
theory.
2 FOURIER DRAG-COEFFICIENTMODELS
This section outlines the Fourier drag-coefficient models developed
in Ray et al. (2020); Ray & Scheeres (2020) that is used in this work
to model the drag-coefficient in the King-Hele theory. The previous
papers captured the dependence of the drag-coefficient on ambient
parameters by carrying out a Fourier series expansion around the
argument of latitude in the orbit frame - the OFF model. The de-
pendence on satellite orientation was modeled using a Fourier series
expansion around the orientation of the velocity vector in the body
frame - the BFF model. In order to derive closed-form analytical so-
lutions of the change in orbital elements, the Fourier drag-coefficient
models need to be expressed in terms of the eccentric anomaly,
such that the drag-coefficient becomes a function of the eccentric
anomaly, CD(E). The transformation of the time variation of the
drag-coefficient to eccentric anomaly simplifies the integration of
the Lagrange planetary equations as will be seen in section 3. It
should be noted that the time variations of the orbit are still being
accurately tracked using Kepler’s equation. The inclusion of drag-
coefficient variation in the perturbation equations is an added layer
of complexity that improves the approximation to the true variation
of the orbits.
2.1 Orbit-fixed Fourier (OFF) model
The drag-coefficient varies with ambient parameters such as the par-
tial pressure of atomic oxygen, atmospheric composition and ambient
temperature. Under the assumptions of a symmetric exponentially de-
caying atmosphere, the atmospheric composition and partial pressure
of oxygen are both periodic in the orbit since they are functions of
only altitude in this case while the ambient temperature is constant.
The drag-coefficient is also a function of the velocity of the satellite
that is periodic as well. Therefore, the drag-coefficient can be ex-
pressed as a Fourier series expansion around the eccentric anomaly
in the orbit frame of the satellite as follows
CD =
∞∑
n=0
(An cos nE + Bn sin nE). (1)
where An and Bn are Fourier coefficients that are calculated by
integrating the drag coefficient over one period as follows
An =
1
π
∫ 2pi
0
CD(E) cos nEdE, (2)
Bn =
1
π
∫ 2pi
0
CD(E) sin nEdE, (3)
for n > 0 and,
A0 =
1
2π
∫ 2pi
0
CD(E)dE, (4)
for n = 0. Any drag-coefficient model can be parameterized in this
manner by numerically evaluating the integrals given by Eqs. 2-4.
2.2 Body-fixed Fourier (BFF) model
In order to capture the variation of the drag-coefficient with attitude,
the drag-coefficient can be expressed as a Fourier-series in the body
frame. The drag-coefficient is expanded as a Fourier series around
the orientation of the inertial velocity vector in the body frame. It is
assumed that the variation is around a single axis, i.e., the axis of
rotation is fixed in the body frame. Therefore, the following theory
is valid only for specific attitude profiles such as for a nadir pointing
profile or inertially stabilized profile where the change in angle due
to the rotating atmosphere is neglected. The drag-coefficient can be
written as,
CD =
∞∑
n=0
(An cos nφ + Bn sin nφ). (5)
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where φ is the angle that the velocity vector makes in the body
frame with a reference axis perpendicular to the axis of rotation. The
Fourier coefficients An and Bn are given by,
An = 1
π
∫ 2pi
0
CD(φ) cos nφdφ, (6)
Bn = 1
π
∫ 2pi
0
CD(φ) sin nφdφ, (7)
for n > 0 and,
A0 =
1
2π
∫ 2pi
0
CD(φ)dφ, (8)
The drag-coefficient can be expressed as a function of the eccentric
anomaly for specific cases where a transformation exists between
angle of velocity vector in the body frame and the eccentric anomaly.
Note the fundamental difference between Eqs. 2 - 4 and Eqs. 6-8.
The first set integrates the drag-coefficient over an orbital period,
taking into account its dependence on parameters that are periodic in
orbit and are therefore functions of the orbital elements. The second
set of equations integrates the drag coefficients over a rotation in the
body frame, with orbit-dependent parameters considered constant.
Whereas the OFF coefficients are functions of attitude that is consid-
ered constant, theBFF coefficients are functions of orbital parameters
that are considered constant.
3 LAGRANGE PLANETARY EQUATIONS FOR AIR DRAG
In this section, the Lagrange planetary equations for the classical
orbital elements in terms of the eccentric anomaly are repeated us-
ing King-Hele’s notation. The magnitude of the drag force acting
tangential to the orbit is given by
fT = −
1
2
ρv2δ. (9)
The variation in velocity direction due to the rotating atmosphere is
neglected since the angle between the absolute velocity vector and
relative velocity vector never exceeds ≈ 4◦ (Ray et al. 2020) but the
magnitude is accounted for in the drag-parameter that is assumed to
be constant,
δ =
FSCD
ms
.
F is the wind-factor that accounts for the relative speed w.r.t the
atmosphere, given by
F = (1 − rp0w
vp0
cos i0)2.
The atmosphere in this theory is assumed to be symmetric and ex-
ponentially decaying with a constant scale-height,
ρ = ρp0 exp {(rp0 − r)/H}. (10)
A closed-form analytical theory is possible for a higher-fidelity den-
sity model accounting for oblateness of the atmosphere, day-night
and solar activity variations, meridional winds and varying scale-
height (King-Hele 1987; Frey et al. 2019). But the modified theory
is developed for the simplest case in this work and can be extended
to incorporate other refinements.
Following King-Hele (1964), the theory is derived for the semi-
major axis (a), the focal-length (x = ae) and the argument of peri-
apsis (ω) of the satellite orbit. The orientation of the orbital plane is
affected by atmospheric rotation leading to time-variations in the in-
clination, right-ascensionof ascendingnode and argument of perigee.
Whereas the inclination and right-ascension vary solely due to at-
mospheric forces perpendicular to the orbit plane, the argument of
periapsis depends on the forces in the orbital plane. In this work, the
forces perpendicular to the velocity direction are neglected. There-
fore, the variation of inclination and right-ascension is considered to
be zero. The Lagrange planetary equations for semi-major axis and
eccentricity expressed in the tangential (T) and orbit inward normal
in the orbit plane (N) directions are as follows-
Ûa = 2a
2v
µ
fT , (11)
Ûe = 1
v
{
2 fT (e + cos θ) − fN
r
a
sin θ
}
. (12)
For the argument of perigee, the derivation deviates a little from
King-Hele, since the normal forces due to atmospheric rotation are
neglected here. The Lagrange Planetary equation for argument of
perigee expressed in the radial (r)-transverse (t) direction is given by
King-Hele (1964)
Ûω + ÛΩ cos i = 1
e
√
p
µ
{
− fr cos θ + ft
(
1 +
r
p
)
sin θ
}
. (13)
The forces in the radial-transverse direction can be expressed in the
tangential-inward normal directions as King-Hele (1964)
fr =
1
v
√
µ
p
{ fT e sin θ − fN (1 + e cos θ)}
ft =
1
v
√
µ
p
{ fT (1 + e cos θ) + fN e sin θ} (14)
Substituting Eq. 14 in 13 and simplifying,
Ûω = 1
ve
[
fT
{
sin θ +
r
p
(1 + e cos θ) sin θ
}
+ fN
{
e + cos θ +
r
p
e sin2 θ
}] (15)
The rate of right-ascension is neglected here, as discussed before.
Considering only the drag force, Eqs. 11, 12 and 15 can be re-written
as,
Ûa = − a
2ρδv3
µ
, (16)
Ûe = −ρδv(e + cos θ). (17)
Ûω = −ρvδ
2e
[
sin θ +
r
p
(1 + e cos θ) sin θ
]
(18)
It is desirable to transform the time variable into eccentric anomaly as
that simplifies the integration of these equations. After transforming
the time variable to eccentric anomaly, the final form of the Lagrange
planetary equations is (King-Hele 1964)
da
dE
= −a2ρδ (1 + e cos E)
3/2
(1 − e cos E)1/2 , (19)
dx
dE
= −a2ρδ
(
1 + e cos E
1 − e cos E
)1/2
(cos E + e), (20)
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dω
dE
= − aρδ
e
√
1 − e2
(
1 + e cos E
1 − e cos E
)1/2
sin E . (21)
In the original formulation (King-Hele 1964), the equations are in-
tegrated over an orbital period by assuming δ to be constant. This
is modified by allowing the drag-coefficient to vary in orbit as a
function of the eccentric anomaly, i.e., δ = δ′CD(E). The modified
integrated equations are given by,
∆a = −a2δ′
∫ 2pi
0
(1 + e cos E)3/2
(1 − e cos E)1/2 CD(E)ρdE, (22)
∆x = −a2δ′
∫ 2pi
0
(
1 + e cos E
1 − e cos E
)1/2
(cos E + e)CD(E)ρdE . (23)
∆ω = − aδ
′
e
√
1 − e2
∫ 2pi
0
(
1 + e cos E
1 − e cos E
)1/2
sin ECD(E)ρdE . (24)
The density transformed to eccentric anomaly is given by,
ρ = ρp0 exp {β(a0 − a − x0) + βx cos E}. (25)
Substituting Eq. 25 in Eqs. 22-24,
∆a = − δ′a2ρp0 exp {β(a0 − a − x0)}
∫ 2pi
0
[
(1 + e cos E)3/2
(1 − e cos E)1/2
× CD(E) exp (βx cos E)] dE
(26)
∆x = − δ′a2ρp0 exp β(a0 − a − x0)}
∫ 2pi
0
[(
1 + e cos E
1 − e cos E
)1/2
×(cos E + e)CD(E) exp (βx cos E)] dE
(27)
∆ω = − δ
′a
e
√
1 − e2ρp0 exp β(a0 − a − x0)}
×
∫ 2pi
0
[(
1 + e cos E
1 − e cos E
)1/2
sin ECD(E) exp (βx cos E)
]
dE
(28)
In order to integrate these equations, the integrand (without the time-
varying drag-coefficient) is expressed as a power series expansion in
e and truncated at the third order by King-Hele. A similar approach
is followed here after expressing the drag-coefficient as an analytical
function in eccentric anomaly using the Fourier models of section 2.
An important point to note here is that the R.H.S of Eq. 21 is an odd
function unlike Eqs. 19 and 20. Therefore, when it is integrated from
0 to 2π, Eq. 21 should integrate to zero for a spherically symmetric,
non-rotating atmosphere as noted by King-Hele (1964). But since
the drag-coefficient is considered time-varying here, the argument
of perigee variation can integrate to a non-zero value as will be
demonstrated in subsequent sections.
4 RE-DERIVING THE KING-HELE THEORY USING OFF
MODEL
The dependence of the drag-coefficient on eccentric anomaly in the
OFF model is introduced through input ambient parameters to the
chosen drag-coefficient model such as the partial pressure of oxygen
and mean molecular mass that vary in the orbit. As noted in section
2.1, for an exponentially decaying spherically symmetric atmosphere,
they are dependent only on the altitude and therefore symmetric about
E = 0, π. Therefore CD(E) is an even function of eccentric anomaly
and Eq. 3 reduces to
Bn = 0.
Note that this is, in general, not true for an arbitrary atmosphere. Since
there is no odd component to the drag-coefficient, the integrand in Eq.
28 is odd and therefore, the argument of perigee change is zero over an
orbit. The following sections provide details of the derivation for low
and high eccentricities with the OFF drag-coefficient model. Note
that the derivations are independent of the gas-surface interaction
model considered.
4.1 Low eccentricity regime, e<0.2
For low eccentricities, Eqs. 26 and 27 can be integrated by expanding
the integrands as power series in e. The power series for the integrand
in Eq. 26 truncated at order 3 is given by,
(1 + e cos E)3/2
(1 − e cos E)1/2 = 1+2e cos E+
3
2
e2 cos2 E+e3 cos3 E+O(e4) (29)
Substituting Eqs. 1 and 29 in Eq. 26 and rearranging,
∆a = − δ′a2ρp0 exp {β(a0 − a − x0)}
∫ 2pi
0
[ ∞∑
n=0
(An cos nE
×(1 + 2e cos E + 3
2
e2 cos2 E + e3 cos3 E) exp (βx cos E)
]
dE
(30)
In order to integrate the equation, the following multiple angle for-
mulae are used.
cos2 E =
1 + cos 2E
2
(31)
cos3 E =
3 cos E + cos 3E
4
(32)
Substituting Eqs. 31 and 32 in Eq. 30,
∆a =Dc
∫ 2pi
0
[ ∞∑
n=0
An cos nE(1 + 2e cos E + 3
4
e2(1 + cos 2E)
+e3
3 cos E + cos 3E
4
) exp (βx cos E)
]
dE
(33)
where Dc = −δ′a2ρp0 exp {β(a0 − a − x0)}. Using the following
cosine product formula in Eq. 33,
cos A cos B =
cos (A + B) + cos (A − B)
2
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∆a =Dc
∫ 2pi
0
[ ∞∑
n=0
An{cos nE + e(cos (n + 1)E + cos (n − 1)E)
+
3
4
e2
(
cos nE +
cos (n + 2)E + cos (n − 2)E
2
)
+
e3
4
(
3
2
(cos (n + 1)E + cos (n − 1)E)
+
cos (n + 3)E + cos (n − 3)E
2
)
} exp (βx cos E)
]
dE
(34)
Now, the integral can be expressed as a sum of modified Bessel
functions of the first kind with imaginary argument,
In(z) = 1
2π
∫ 2pi
0
cos nx exp (z cos x) (35)
Therefore, Eq. 34 is written as,
∆a =2πDc
[ ∞∑
n=0
An{In + e(In+1 + In−1) +
3
4
e2(In + In+2 + In−2
2
)
+
e3
4
(3
2
(In+1 + In−1) +
In+3 + In−3
2
)}
]
(36)
where In = In(βx) is implicit. The derivation of ∆x follows similar
steps. The integrand in Eq. 27 can be expanded as a power series in
e. Truncating the power series at the third order and substituting Eq.
1, Eq. 27 can be written as
∆x =Dc
∫ 2pi
0
[ ∞∑
n=0
(An cos nE){cos E + 1
2
e(3 + cos 2E)
+
1
8
e2(11 cos E + cos 3E) + 1
16
e3(7 + 8 cos 2E + cos 4E)
+O(e4)} exp (βx cos E)dE
]
(37)
Carrying out the trigonometric simplifications outlined in Eqs. 30-
36, the final form of Eq. 37 is
∆x =2πDc
[ ∞∑
n=0
An
{
1
2
(In+1 + In−1) +
1
4
e{6In + (In+2 + In−2)}
+
1
16
e2{11(In+1 + In−1) + (In+3 + In−3)}
+
1
32
e3{14In + 8(In+2 + In−2) + (In+4 + In−4)}
}]
(38)
Eqs. 36 and 38 calculate the change in semi-major axis and focal-
length over an orbital period for the modified King-Hele theory. Note
that for n = 0, the equations reduce to the original forms derived by
King-Hele as follows since In = I−n,
∆a = 2πDcA0[I0 + 2eI1 +
3
4
e2(I0 + I2) +
1
4
e3(3I1 + I3)] (39)
∆x = 2πDcA0[I1 +
1
2
e(3I0 + I2) +
1
8
e2(11I1 + I3)
+
1
16
e3(7I0 + 8I2 + I4)]
(40)
For the original formulation, the drag-coefficient is assumed to be
constant, denoted by A0 in Eqs. 39 and 40. The constant drag-
coefficient can be assumed to be the zeroth-order order Fourier coef-
ficient (A0), the drag-coefficient evaluated at perigee or a weighted
average of the orbital drag-coefficient variation. The value that will
approximate the results of the Fourier theory given by Eqs. 22 and
23 can be calculated by equating the original King-Hele ∆a and ∆e
to the Fourier theory given by Eqs. 26 and 27 as follows,
CD0
∫ 2pi
0
(1 + e cos E)3/2
(1 − e cos E)1/2 ρdE =
∫ 2pi
0
(1 + e cos E)3/2
(1 − e cos E)1/2
× CD(E)ρdE
(41)
CD0
∫ 2pi
0
(
1 + e cos E
1 − e cos E
)1/2
(cos E + e)ρdE =∫ 2pi
0
(
1 + e cos E
1 − e cos E
)1/2
(cos E + e)CD(E)ρdE
(42)
A drag-coefficient that approximates both Eqs. 41 and 42 can be
calculated by considering only the density and the Fourier drag-
coefficient inside the integral. This results in a weighted average of
the Fourier drag-coefficient as follows-
CD0 =
∫ 2pi
0 ρCD(E)dE∫ 2pi
0 ρdE
(43)
Using Eqs. 25 and 35, an analytical form of the constant drag-
coefficient can be found as
CD0 =
∑∞
n=0 An In
I0
(44)
4.2 High eccentricity regime, 0.2 ≤ e < 1
For large values of eccentricity, expanding the integrands in Eqs. 26
and 27 as a power series in e is not appropriate. King-Hele (1964)
introduced the auxiliary variable λ in order to integrate Eqs. 26 and
27 and carried out the following transformation of variables,
cos E = 1 − λ2/z (45)
such that,
dE =
√
2
z(1 − λ2/2z) dλ (46)
where z = βx = ae
H
, where z goes to infinity as e approaches 1.
Replacing the integrals in Eqs. 26 and 27 from 0 to 2π by twice the
integrals from 0 to π and substituting Eqs. 45 and 46,
∆a =2 exp (z)
√
2/zDc
∫ √2z
0
(1 + e − eλ2/z)3/2
(1 − e + eλ2/z)1/2 exp (−λ
2)
×
√
1
(1 − λ2/(2z))Cd(λ)dλ
(47)
∆x =2 exp (z)
√
2/zDc
∫ √2z
0
(e + 1 − λ2/z)
(
1 + e − eλ2/z
1 − e + eλ2/z
)1/2
× exp (−λ2)
√
1
(1 − λ2/(2z))Cd(λ)dλ
(48)
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The drag-coefficient in Eq. 1 needs to be first expressed in the new
variable before substituting inEqs. 47 and 48. The following formulae
for multiple angles are used for that purpose,
cos nE =
⌊n/2⌋∑
k=0
(−1)k
(
n
2k
)
sin2k E cosn−2k E (49)
sin nE =
⌊(n−1)/2⌋∑
k=0
(−1)k
(
n
2k + 1
)
sin2k+1 E cosn−2k−1 E (50)
where ⌊n/2⌋ denotes the floor function and ( n2k) denotes the binomial
coefficient. Therefore, Eq. 1 can be expressed as
CD(λ) =
∞∑
n=0
An

⌊n/2⌋∑
k=0
(−1)k
(
n
2k
) {
λ2
z
(2 − λ
2
z
)
}k (
1 − λ
2
z
)n−2k 
(51)
since Bn = 0 as noted before. Substituting Eq. 51 in Eq. 47 and
carrying out a power series expansion in λ2/z,
∆a =2 exp (z)
√
2/zDc (1 + e)
3/2
(1 − e)1/2
∫ √2z
0
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
)
× 2k
[
(λ2/z)k + K1(λ2/z)k+1 + K2(λ2/z)k+2
+O((λ2/z)k+3)
]
exp (−λ2)dλ
(52)
where K1 and K2 are functions of the summation indices n and k,
and the eccentricity e and are given by
K1 =
1
4(1 − e2) [(−4n + 6k + 1) − 8e + (4n − 6k + 3)e
2] (53)
K2 =
1
32(1 − e2)2 [(4n − 6k)(4n − 6k − 6) + (4k + 3) + 16(4n − 6k
− 1)e + {(4n − 6k)(−8n + 12k + 4) − (8k − 50)}e2 − 16(4n
− 6k − 1)e3 + {(4n − 6k)(4n − 6k + 2) + (4k − 5)}e4]
(54)
Approximating the upper limit of the integral as∞ since the integrand
becomes very small as λ becomes large and
√
2z > 6 (King-Hele
1964), the integrals can be expressed as a sum of Gamma functions
that are given by∫ ∞
0
λk exp (−λ2)dλ = 1
2
Γ
(
k + 1
2
)
(55)
Therefore, the final form of Eq. 52 is given by
∆a =D′c
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
)
(2
z
)k
[
Γ
(
2k + 1
2
)
+
K1
z
Γ
(
2k + 3
2
)
+
K2
z2
Γ
(
2k + 5
2
)] (56)
where D′c = exp (z)
√
2/z (1 + e)
3/2
(1 − e)1/2 Dc . Similarly, the equation for
∆x can be derived by substituting Eq. 51 in Eq. 48 and carrying out
a power series expansion,
∆x =2 exp (z)
√
2/zDc (1 + e)
3/2
(1 − e)1/2
∫ √2z
0
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
)
× 2k
[
(λ2/z)k + M1(λ2/z)k+1 + M2(λ2/z)k+2
+O((λ2/z)k+3)
]
exp (−λ2)dλ
(57)
where M1 and M2 are functions of the summation indices n and k,
and the eccentricity e and are given by
M1 =
1
4(1 − e2) [(−4n + 6k − 3) + (4n − 6k − 1)e
2] (58)
M2 =
1
32(1 − e2)2 [(4n − 6k)(4n − 6k + 2) + (4k − 5) + 32e
− 2{(4n − 6k)(4n − 6k − 2) + (4k + 7)}e2 + 32e3
+ {(4n − 6k)(4n − 6k − 6) + (4k + 3)}e4]
(59)
The final form of Eq. 57 in terms of Gamma functions is as follows
∆x =D′c
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
)
(2
z
)k
[
Γ
(
2k + 1
2
)
+
M1
z
Γ
(
2k + 3
2
)
+
M2
z2
Γ
(
2k + 5
2
)]
.
(60)
For n = 0, the equations reduce to the original KH formulation,
∆a =D′c A0
√
π
[
1 +
K1
2z
+
3K2
4z2
]
, (61)
where
K1 =
1
4(1 − e2) [1 − 8e + 3e
2],
K2 =
1
32(1 − e2)2 [3 − 16e + 50e
2
+ 16e3 − 5e4],
and,
∆x =D′c
√
πA0
[
1 +
M1
2z
+
3M2
4z2
]
, (62)
where
M1 = −
1
4(1 − e2) [3 + e
2],
M2 =
1
32(1 − e2)2 [−5 + 32e − 14e
2
+ 32e3 + 3e4].
The density-averaged constant drag-coefficient derived for the low
eccentricity regime can be used for high-eccentricity regime as well.
5 RE-DERIVING THE KING-HELE THEORY USING BFF
MODEL
In this section, the theory is developed for two attitude profiles for
which φ can be expressed as a function of the eccentric anomaly.
Unlike the OFF model, Bn is not generally zero for BFF since the
drag-coefficient may not be symmetric about φ = 0, π. If the satellite
shape is symmetric about φ = 0, π, then Bn = 0.
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5.1 Nadir-pointing profile
For a nadir-pointing profile, the angle between the velocity vector and
the body axis is equal to the flight path angle that can be expressed
in terms of the eccentric anomaly as
cos φ =
√
1 − e2
1 − e2 cos2 E (63)
sin φ =
e sin E√
1 − e2 cos2 E
(64)
Using Eqs. 49, 50, 63 and 64 in Eq. 5,
CD(E) =
∞∑
n=0
An

⌊ n2 ⌋∑
k=0
(−1)k
(
n
2k
) (
e sin E√
1 − e2 cos2 E
)2k
× ©­«
√
1 − e2
1 − e2 cos2 E
ª®¬
n−2k + Bn

⌊ n−12 ⌋∑
k=0
(−1)k
(
n
2k + 1
)
×
(
e sinE√
1 − e2 cos2 E
)2k+1 ©­«
√
1 − e2
1 − e2 cos2 E
ª®¬
n−2k−1

(65)
Low eccentricity regime
Substituting Eq. 65 in Eq. 26 and noting that the integrand corre-
sponding to Bn is an odd function, the equation reduces to
∆a = Dc
∫ 2pi
0
∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
) (
e sin E√
1 − e2 cos2 E
)2k
× ©­«
√
1 − e2
1 − e2 cos2 E
ª®¬
n−2k
(1 + e cos E)3/2
(1 − e cos E)1/2 exp (βx cos E)dE
(66)
Expanding the integrand as a power series in e,
∆a = Dc
∫ 2pi
0
∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[1 + 2 cos Ee + {k − n
2
+
1
2
(n + 3) cos2 E}e2 + cos E{2k − n + (n + 1) cos2 E}e3]
× (e sinE)2k exp (βx cos E)dE
(67)
Truncating the series at O(e3), k can only be 0 and 1. Therefore, Eq.
67 can be written as,
∆a = Dc
∫ 2pi
0
[ ∞∑
n=0
An{1 + 2 cos Ee + {−n
2
+
1
2
(n + 3) cos2 E}e2
+ cos E{−n + (n + 1) cos2 E}e3} +
∞∑
n=2
−An
(
n
2
)
{sin2 Ee2
+2 sin2 E cos Ee3}
]
exp (βx cos E)dE
(68)
The trigonometric powers can be written as
sin2 E =
1 − cos 2E
2
(69)
sin2 E cos E = cos E − 1
4
(3 cos E + cos 3E) (70)
Using Eqs. 31, 32, 35, 69 and 70, Eq. 68 is given by,
∆a = 2πDc
∞∑
n=0
An
[
I0 + 2I1e +
{(
n + 3
4
)
(I0 + I2) −
n
2
I0
}
e2
+
{(
n + 1
4
)
(3I1 + I3) − nI1
}
e3
]
−
∞∑
n=2
An
(
n
2
) [ (I0 − I2)
2
e2
+
(I1 − I3)
2
e3
]
(71)
In order to derive ∆x, a similar procedure can be followed. Sub-
stituting Eq. 65 in Eq. 27,
∆x = Dc
∫ 2pi
0
( (1 + e cos E)
1 − e cos E
)1/2
(cos E + e) exp {βx cos E}
×
∞∑
n=0
An

⌊ n2 ⌋∑
k=0
(−1)k
(
n
2k
) (
e sin E√
1 − e2 cos2 E
)2k
× ©­«
√
1 − e2
1 − e2 cos2 E
ª®¬
n−2k  dE
(72)
Expanding the integrand as a power series in e,
∆x = Dc
∫ 2pi
0
∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[cos E +
(
3 + cos 2E
2
)
e
+
1
4
cos E{5 + 4k − n + (n + 1) cos 2E}e2 + 1
8
(3 + cos 2E){1 + 4k
− n + (n + 1) cos 2E}e3](e sin E)2k exp (βx cos E)dE
(73)
Truncating the series at O(e3), k can only be 0 and 1. Therefore, Eq.
67 can be written as,
∆x = Dc
∫ 2pi
0
[ ∞∑
n=0
An[cos E + 3 + cos 2E
2
e +
1
4
{(5 − n) cos E
+
(n + 1)
2
(cos 3E + cos E)}e2 + 1
8
[3{(1 − n) + (n + 1) cos 2E}
+{(1 − n) cos 2E + (n + 1) (1 + cos 4E)
2
}e3]] exp (βx cos E)
+
∞∑
n=2
−An
(
n
2
)
[ (cos E + cos 3E)
4
e2 − (cos 2E + 1
4
cos 4E
−5
4
) e
3
2
] exp (βx cos E)
]
dE
(74)
Integrating the equation,
∆x =2πDc
[ ∞∑
n=0
An[I1 +
3I0 + I2
2
e +
1
4
{(5 − n)I1 +
(n + 1)
2
×(I3 + I1)}e2 +
1
8
[3{(1 − n)I0 + (n + 1)I2} + {(1 − n)I2
+(n + 1) (I0 + I4)
2
}e3]] +
∞∑
n=2
−An
(
n
2
)
[ (I1 + I3)
4
e2
−(I2 +
1
4
I4 −
5
4
I0)
e3
2
]
]
(75)
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For a satellite with an arbitrary shape, ∆ω , 0 since Bn , 0. To
derive ∆ω, it should be noted that the even part of the drag-coefficient
will integrate out to zero unlike ∆a and ∆x. Therefore, Eq. 28 can be
written as,
∆ω = Dw
∫ 2pi
0
[( (1 + e cos E)
1 − e cos E
)1/2
sin E exp (βx cos E)
∞∑
n=0
Bn
×

⌊ n−12 ⌋∑
k=0
(−1)k
(
n
2k + 1
) (
e sin E√
1 − e2 cos2 E
)2k+1
× ©­«
√
1 − e2
1 − e2 cos2 E
ª®¬
n−2k−1
 dE
(76)
where Dw = − δ
′a
e
√
1 − e2ρp0 exp {β(a0 − a − x0)}. On expanding
the integrand as a power series in e and truncating at order 3,
∆ω =2πDw
∞∑
n=0
nBn
[
I0 − I2
2
e +
I1 − I3
4
e2 +
1
4
{(n + 1)
×2I1 − I4 − 1
4
− (n − 3) I0 − I2
2
}e3
] (77)
For n = 0, Eqs. 71 and 75 reduce to the original KH formulation
given by Eqs. 39 and 40 while Eq. 77 reduces to zero. The aver-
age drag-coefficient that best approximates the higher order Fourier
theory given by Eqs. 71 and 75 can be calculated using Eq. 43 as
follows,
CD0 =
∫ 2pi
0 ρCD(E)dE∫ 2pi
0 ρdE
=
1∫ 2pi
0 exp(βx cos E)dE

∫ 2pi
0
exp(βx cos E)
∞∑
n=0
⌊ n2 ⌋∑
k=0
An
×(−1)k
(
n
2k
) (
e sinE√
1 − e2 cos2 E
)2k ©­«
√
1 − e2
1 − e2 cos2 E
ª®¬
n−2k
dE

=
1
I0
[ ∞∑
n=0
An{I0 +
n
4
(I2 − I0)e2} +
∞∑
n=2
An
2
(
n
2
)
(I2 − I0)e2
]
(78)
High eccentricity regime, 0.2 ≤ e < 1
Similar to the OFFmodel in high eccentricity regime, the eccentric
anomaly is transformed to the auxiliary variable λ. The flight path
angle in the new variable is given by
sin φ = e
√
1 − (1 − λ2/z)2
1 − e2(1 − λ2/z)2 (79)
cos φ =
√
1 − e2
1 − e2(1 − λ2/z)2 (80)
The drag-coefficient in the transformed variable is given by
CD(λ) =
∞∑
n=0
An

⌊ n2 ⌋∑
k=0
(−1)k
(
n
2k
) ©­«e
√
1 − (1 − λ2/z)2
1 − e2(1 − λ2/z)2
ª®¬
2k
× ©­«
√
1 − e2
1 − e2(1 − λ2/z)2
ª®¬
n−2k + Bn

⌊ n−12 ⌋∑
k=0
(−1)k
(
n
2k + 1
)
× ©­«e
√
1 − (1 − λ2/z)2
1 − e2(1 − λ2/z)2
ª®¬
2k+1 ©­«
√
1 − e2
1 − e2(1 − λ2/z)2
ª®¬
n−2k−1

(81)
Substitute Eq. 81 in Eq. 47 and carrying out a power series expansion
in λ2/z,
∆a =2 exp (z)
√
2/zDc (1 + e)
3/2
(1 − e)1/2
∫ √2z
0
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
)
×
(
2e2
1 − e2
)k [
(λ2/z)k + P1(λ2/z)k+1 + P2(λ2/z)k+2
+O((λ2/z)k+3)
]
exp (−λ2)dλ
(82)
where P1 and P2 are functions of the summation indices n and k,
and the eccentricity e and are given by
P1 = −
1
4(1 − e2) [(2k − 1) + 8e + (4n − 2k − 3)e
2] (83)
P2 =
1
32(1 − e2)2 [(4k
2 − 8k + 3) + 16(2k − 1)e + (8n − 8k2
+ 16kn + 50)e2 + 16(4n − 2k + 1)e3 + {(4(n − k)(n − k − 2)
+ 4nk − 5}e4]
(84)
Using Eq. 55,
∆a =D′c
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
) (
2e2
z(1 − e2)
)k [
Γ
(
2k + 1
2
)
+
P1
z
Γ
(
2k + 3
2
)
+
P2
z2
Γ
(
2k + 5
2
)] (85)
To derive ∆x, substitute Eq. 81 in Eq. 48 and expand as a power
series in λ2/z to obtain,
∆x =2 exp (z)
√
2/zDc (1 + e)
3/2
(1 − e)1/2
∫ √2z
0
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
)
×
(
2e2
1 − e2
)k [
(λ2/z)k +Q1(λ2/z)k+1 +Q2(λ2/z)k+2
+O((λ2/z)k+3)
]
exp (−λ2)dλ
(86)
where Q1 and Q2 given by
Q1 = −
1
4(1 − e2) [(2k + 3) + (4n − 2k + 1)e
2] (87)
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Q2 =
1
32(1 − e2)2 [(4k
2
+ 8k − 5) + 32e − 2(4k2 − 20n − 8kn
+ 7)e2 + 32e3 + {4(2n − k)(2n − k + 2) + 8n + 3}e4]
(88)
Using Eq. 55,
∆x =D′c
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
) (
2e2
z(1 − e2)
)k [
Γ
(
2k + 1
2
)
+
Q1
z
Γ
(
2k + 3
2
)
+
Q2
z2
Γ
(
2k + 5
2
)] (89)
The change in argument of perigee can be similarly derived. Eq.
28 in the transformed variable can be written as
∆ω =
4
z
exp (z)Dw
∫ √2z
0
(
1 + e − eλ2/z
1 − e + eλ2/z
)1/2
λ exp (−λ2)Cd(λ)dλ
(90)
On substituting Eq. 81 and carrying out a power series expansion,
the equation simplifies to the following form
∆ω =4 exp (z)Dw
√
1 + e
1 − e
∫ √2z
0
∞∑
n=0
⌊ n−12 ⌋∑
k=0
Bn(−1)k
(
n
2k + 1
)
×
(
2e2
1 − e2
) 2k+1
2 [
(λ2/z) 2k+32 +Wn(λ2/z)
2k+5
2
]
dλ
(91)
where
Wn = − 1
4(1 − e2) [(2k + 1) + 4e + (4n − 2k − 1)e
2] (92)
The integrated change is given by
∆ω =2 exp (z)Dw
√
1 + e
1 − e
∞∑
n=0
⌊ n−12 ⌋∑
k=0
Bn(−1)k
(
n
2k + 1
)
×
(
2e2
z(1 − e2)
) 2k+1
2
[
1
z
Γ (k + 2) + Wn
z2
Γ (k + 3)
] (93)
The constant drag-coefficient to be used with the original King-
Hele formulation has to be re-derived for the high eccentricity regime
in this case since Eq. 78 consists of a series truncation in e. The drag-
coefficient in the auxiliary variable is given by
CD0 =
exp z
π
√
2zI0

∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
) (
2e2
z(1 − e2)
)k
×
{
Γ
(
2k + 1
2
)
+
CN1
z
Γ
(
2k + 3
2
)
+
CN2
z2
Γ
(
2k + 5
2
)}] (94)
where
CN1 = −
1
4(1 − e2) [(2k − 1) + (4n − 2k + 1)e
2], (95)
CN2 =
1
32(1 − e2)2 [(4k
2 − 8k + 3)(1 − e2)2 + 8ne2(3e2 − 2ke2
+ 2k + 1 + 2ne2)].
(96)
5.2 Inertially stabilized attitude
For an inertially stabilized satellite, the angle between the velocity
vector and the body axis can be computed from the velocity compo-
nents in the perifocal frame. The sine and cosine of the angle is given
by
sin φ =
vP√
v2
P
+ v2
Q
=
sin θ√
1 + e2 + 2e cos θ
=
sinE√
1 − e2 cos2 E
(97)
cos φ =
vQ√
v2
P
+ v2
Q
=
e + cos θ√
1 + e2 + 2e cos θ
=
√
1 − e2 cos E√
1 − e2 cos2 E
(98)
Substituting Eqs. 97 and 98 in Eq. 5 and using Eqs. 50 and 49,
CD(E) =
∞∑
n=0
An

⌊ n2 ⌋∑
k=0
(−1)k
(
n
2k
) (
sin E√
1 − e2 cos2 E
)2k
×
( √
1 − e2 cos E√
1 − e2 cos2 E
)n−2k + Bn

⌊ n−12 ⌋∑
k=0
(−1)k
(
n
2k + 1
)
×
(
sin E√
1 − e2 cos2 E
)2k+1 ( √1 − e2 cos E√
1 − e2 cos2 E
)n−2k−1

(99)
Low eccentricity regime, e < 0.2
Following the same procedure as the nadir pointing profile, only
the An terms are considered substituting Eq. 99 in Eq. 26 since the
Bn terms integrate to zero,
∆a = Dc
∫ 2pi
0
∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
) (
sinE√
1 − e2 cos2 E
)2k
×
( √
1 − e2 cos E√
1 − e2 cos2 E
)n−2k (1 + e cos E)3/2
(1 − e cos E)1/2 exp (βx cos E)dE
(100)
Expanding as a power series in e and truncating at order 3,
∆a = Dc
∫ 2pi
0
∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[1 + 2 cos Ee + {k − n
2
+
1
2
(n + 3) cos2 E}e2 + cos E{2k − n + (n + 1) cos2 E}e3]
× sin2k E cosn−2k E exp {βx cos E}dE
(101)
Unlike the nadir pointing profile case, the series cannot be truncated
in k as there’s no ek in the expression. The trigonometric powers
have to be expressed in multiple angles in order to integrate the
equation. The following identities are used to express an arbitrary
trigonometric power in multiple angles,
sin2k E =
1
22k
(
2k
k
)
+
(−1)k
22k−1
k−1∑
j=0
(−1)j
(
2k
j
)
cos [2(k − j)E] (102)
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cosk E =
1
2k
(
k
k/2
)
+
1
2k−1
k/2−1∑
i=0
(
k
i
)
cos [k − 2i]E, k ∈ 2q, q ∈ Z≥
1
2k−1
(k−1)/2∑
i=0
(
k
i
)
cos [k − 2i]E, k ∈ 2q + 1, q ∈ Z≥ .
(103)
In order to simplify the algebra, introduce the following notation.
pa =

1
2p
(
p
p/2
)
, p ∈ 2q, q ∈ Z≥,
0, p ∈ 2q + 1, q ∈ Z≥,
(104)
p
j
S1 =

(−1)p/2
2p−1
p/2−1∑
j=0
(−1)j
(
p
j
)
, p ∈ 2q, q ∈ Z+,
0, p ∈ {0, 2q + 1}, q ∈ Z≥,
(105)
p
i
S2 =

1
2p−1
p/2−1∑
i=0
(
p
i
)
, p ∈ 2q, q ∈ Z+,
0, p ∈ {0, 2q + 1}, q ∈ Z≥,
(106)
p
i
S3 =

1
2p−1
(p−1)/2∑
i=0
(
p
i
)
, p ∈ 2q + 1, q ∈ Z≥,
0, p ∈ 2q, q ∈ Z≥,
(107)
Eqs. 102 and 103 can be represented using the notations in 107 as
sin2k E = 2ka + 2kj S1 cos [2(k − j)E] (108)
cosk E =
{
ka + ki S2 cos [k − 2i]E, k ∈ 2q, q ∈ Z≥,
k
i S3 cos [k − 2i]E, k ∈ 2q + 1, q ∈ Z≥ .
(109)
In order to integrate Eq. 101, the following integrals are computed.
hn,k (l) =
∫ 2pi
0
sin2k E cosn−2k+l E exp {βx cos E}dE
=
∫ 2pi
0
(2ka + 2kj S1 cos [2(k − j)E])(n+l−2ka
+
n+l−2k
i S2 cos [(n + l − 2k − 2i)E]) exp (βx cos E)dE
= 2π[(2ka)(n+l−2ka)I0 + (2ka)(n+l−2ki S2)In+l−2k−2i
+ (n+l−2ka)(2kj S1)I2(k−j) +
(2k
j
S1)(n+l−2ki S2)
2
× (In+l−2i−2j + In+l−4k−2i+2j )],
(110)
if (n + l) ∈ 2q, q ∈ Z≥,
gn,k (l) =
∫ 2pi
0
sin2k E cosn−2k+l E exp {βx cos E}dE
=
∫ 2pi
0
(2ka + 2kj S1 cos [2(k − j)E])(n+l−2ki S3
× cos [(n + l − 2k − 2i)E]) × exp (βx cos E)dE
= 2π[(2ka)(n+l−2ki S3)In+l−2k−2i +
(2k
j
S1)(n+l−2ki S3)
2
× (In+l−2i−2j + In+l−4k−2i+2j )],
(111)
if (n + l) ∈ 2q + 1, q ∈ Z≥ .
Using Eqs. 110 and 111 to integrate Eq. 101,
∆a = Dc[
∞∑
l=0
n∈2l
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[hn,k (0) + 2gn,k (1)e + {(k −
n
2
)
× hn,k (0) +
1
2
(n + 3)hn,k (2)}e2 + {(2k − n)gn,k (1) + (n + 1)
× gn,k (3)}e3] +
∞∑
l=0
n∈2l+1
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[gn,k (0) + 2hn,k (1)e
+ {(k − n
2
)gn,k (0) +
1
2
(n + 3)gn,k (2)}e2 + {(2k − n)hn,k (1)
+ (n + 1)hn,k (3)}e3]]
(112)
The derivation of ∆x follows a similar procedure. Substituting Eq.
99 in Eq. 27 and considering only An terms,
∆x = Dc
∫ 2pi
0
∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[cos E + (1 + cos2 E)e
+
1
2
{(2 + 2k − n) cos E + (n + 1) cos3 E}e2 + 1
2
{(2k − n)
+ (2k + 1) cos2 E + (n + 1) cos4 E}e3] sin2k E cosn−2k E
× exp (βx cos E)dE
(113)
Using Eqs. 110 and 111 to integrate Eq. 113,
∆x = Dc

∞∑
l=0
n∈2l
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[gn,k (1) + (hn,k (0)
+hn,k (2))e +
1
2
{(2 + 2k − n)gn,k (1) + (n + 1)gn,k (3)}e2
+
1
2
{(2k − n)hn,k (0) + (2k + 1)hn,k (2) + (n + 1)hn,k (4)}e3]
+
∞∑
l=0
n∈2l+1
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[hn,k (1) + (gn,k (0) + gn,k (2))e
+
1
2
{(2 + 2k − n)hn,k (1) + (n + 1)hn,k (3)}e2 +
1
2
{(2k − n)
×gn,k (0) + (2k + 1)gn,k (2) + (n + 1)gn,k (4)}e3]
]
(114)
MNRAS 000, 1–20 (2020)
King-Hele theory for periodic variations 11
The change in argument of perigee can be derived similarly as,
∆ω = Dw
∫ 2pi
0
∞∑
n=0
⌊ n−12 ⌋∑
k=0
Bn(−1)k
(
n
2k + 1
)
[1 + cos Ee
+
1
2
{(n + 1) cos2 E − (n − 2k − 1)}e2 + 1
2
cos E{(n + 1) cos2 E
− (n − 2k − 1)}e3] sin2k+2 E cosn−2k−1 E exp (βx cos E)dE
(115)
Integrating the equation, the final form is given by
∆ω = Dw

∞∑
l=0
n∈2l
⌊ n−12 ⌋∑
k=0
Bn(−1)k
(
n
2k + 1
)
[gn,k+1(1) + hn,k+1(2)e
+
1
2
{(n + 1)gn,k+1(3) − (n − 2k − 1)gn,k+1(1)}e2 +
1
2
{(n + 1)
×hn,k+1(3) − (n − 2k − 1)gn,k+1(1)}e3] +
∞∑
l=0
n∈2l+1
⌊ n−12 ⌋∑
k=0
Bn(−1)k
×
(
n
2k + 1
)
[hn,k+1(1) + gn,k+1(2)e +
1
2
{(n + 1)hn,k+1(3)
−(n − 2k − 1)hn,k+1(1)}e2 +
1
2
{(n + 1)gn,k+1(3) − (n − 2k − 1)
×hn,k+1(1)}e3]
]
(116)
For n = 0, the equations for semi-major axis and focal-length re-
duce to the original KH formulation given by Eqs. 39 and 40 while
the argument of perigee change reduces to zero. The average drag-
coefficient that best approximates the higher order Fourier theory
given by Eqs. 112 and 114 can be calculated using Eq. 43 as follows
CD0 =
∫ 2pi
0 ρCD(E)dE∫ 2pi
0 ρdE
=
1
I0

∞∑
l=0
n∈2l
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[hn,k (0) + {(k −
n
2
)hn,k (0)
+
n
2
hn,k (2)}e2] +
∞∑
l=0
n∈2l+1
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
)
[gn,k (0)
+{(k − n
2
)gn,k (0) +
n
2
gn,k (2)}e2]
]
(117)
High eccentricity regime, 0.2 ≤ e < 1
Similar to the nadir pointing case, the body angle in the trans-
formed variable is given by
sin φ =
√
1 − (1 − λ2/z)2
1 − e2(1 − λ2/z)2 (118)
cos φ =
√
1 − e2
1 − e2(1 − λ2/z)2 (1 − λ
2/z) (119)
The drag-coefficient in the transformed variable is given by
CD(λ) =
∞∑
n=0
An

⌊ n2 ⌋∑
k=0
(−1)k
(
n
2k
) ©­«
√
1 − (1 − λ2/z)2
1 − e2(1 − λ2/z)2
ª®¬
2k
× ©­«
√
1 − e2
1 − e2(1 − λ2/z)2 (1 − λ
2/z)ª®¬
n−2k + Bn

⌊ n−12 ⌋∑
k=0
(−1)k
×
(
n
2k + 1
) ©­«
√
1 − (1 − λ2/z)2
1 − e2(1 − λ2/z)2
ª®¬
2k+1
× ©­«
√
1 − e2
1 − e2(1 − λ2/z)2 (1 − λ
2/z)ª®¬
n−2k−1
 .
(120)
Substitute Eq. 120 in Eq. 47 and carrying out a power series
expansion in λ2/z,
∆a =2 exp (z)
√
2/zDc (1 + e)
3/2
(1 − e)1/2
∫ √2z
0
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
×
(
n
2k
) (
2
1 − e2
)k [
(λ2/z)k + L1(λ2/z)k+1 + L2(λ2/z)k+2
+O((λ2/z)k+3)
]
exp (−λ2)dλ,
(121)
where L1 and L2 are functions of the summation indices n and k,
and the eccentricity e and are given by
L1 =
1
4(1 − e2) [(6k − 4n + 1) − 8e + (3 − 6k)e
2], (122)
L2 =
1
32(1 − e2)2 [{4(2n − 3k)
2
+ 40k − 24n + 3} + 16(4n
− 6k − 1)e − (72k2 + 32k − 24n − 48kn − 50)e2 + 16(6k
+ 1)e3 + ((2k − 1)(18k + 5)e4].
(123)
Using Eq. 55,
∆a =D′c
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
) (
2
z(1 − e2)
)k [
Γ
(
2k + 1
2
)
+
L1
z
Γ
(
2k + 3
2
)
+
L2
z2
Γ
(
2k + 5
2
) ]
.
(124)
To derive ∆x, substitute Eq. 120 in Eq. 48 and expand as a power
series in λ2/z to obtain,
∆x =2 exp (z)
√
2/zDc (1 + e)
3/2
(1 − e)1/2
∫ √2z
0
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
)
×
(
2
1 − e2
)k [
(λ2/z)k + N1(λ2/z)k+1 + N2(λ2/z)k+2
+O((λ2/z)k+3)
]
exp (−λ2)dλ,
(125)
where N1 and N2 given by
N1 = −
1
4(1 − e2) [(4n − 6k + 3) + (6k + 1)e
2], (126)
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N2 =
1
32(1 − e2)2 [{4(2n − 3k)
2
+ 8(n − k) − 5} + 32e − 2(36k2
+ 16k − 28n − 24kn + 7)e2 + 32e3 + (36k2 + 40k + 3)e4].
(127)
Using Eq. 55,
∆x =D′c
∞∑
n=0
⌊n/2⌋∑
k=0
An(−1)k
(
n
2k
) (
2
z(1 − e2)
)k [
Γ
(
2k + 1
2
)
+
N1
z
Γ
(
2k + 3
2
)
+
N2
z2
Γ
(
2k + 5
2
)]
.
(128)
The change in argument of perigee can be similarly derived by
retaining the Bn terms,
∆ω =4 exp (z)Dw
√
1 + e
1 − e
∫ √2z
0
∞∑
n=0
⌊ n−12 ⌋∑
k=0
Bn(−1)k
(
n
2k + 1
)
×
(
2
1 − e2
) 2k+1
2 [
(λ2/z) 2k+32 +WI (λ2/z)
2k+5
2
]
dλ
(129)
where
WI = −
1
4(1 − e2) [(4n − 6k − 3) + 4e + (6k + 3)e
2] (130)
The integrated change is given by
∆ω =2 exp (z)Dw
√
1 + e
1 − e
∞∑
n=0
⌊ n−12 ⌋∑
k=0
Bn(−1)k
(
n
2k + 1
)
×
(
2
z(1 − e2)
) 2k+1
2
[
1
z
Γ(k + 2) + WI
z2
Γ(k + 3)
] (131)
The density-averaged drag-coefficient can be derived as follows
CD0 =
exp z
π
√
2zI0

∞∑
n=0
⌊ n2 ⌋∑
k=0
An(−1)k
(
n
2k
) (
2
z(1 − e2)
)k
×
{
Γ
(
2k + 1
2
)
+
CI1
z
Γ
(
2k + 3
2
)
+
CI2
z
Γ
(
2k + 5
2
)}] (132)
where
CI1 = −
1
4(1 − e2) [(2n − 2k − 1) + (2n + 2k + 1)e
2], (133)
CI2 =
1
32(1 − e2)2 [(4k
2
+ 16k + 3)(1 − e2)2 + 4n(3e4 + 2ke4
+ 8e2 − 2k − 3) + (1 + e2)2n2].
(134)
5.3 Body-Orbit double Fourier (BODF) model
In developing the theory for the BFF model, the Fourier coeffi-
cients were assumed to be constant in the orbit. But since the drag-
coefficient is a functionof ambient parameters, the body-fixedFourier
coefficients are periodic functions of the eccentric anomaly. This al-
lows the body-fixed Fourier coefficients to be expressed as Fourier
series expansions around the eccentric anomaly.
An(E) =
∞∑
m=0
(Amn cosmE + Bmn sinmE), (135)
Bn(E) =
∞∑
m=0
(Cmn cosmE + Dmn sinmE). (136)
Therefore, the total drag-coefficient can be expressed as a body-
orbit double Fourier (BODF) model (Ray & Scheeres 2020),
Cd =
∞∑
m=0
∞∑
n=0
(Amn cosmE cos nφ + Bmn sinmE cos nφ
+ Cmn cosmE sin nφ + Dmn sinmE sin nφ).
(137)
Since the sinusoidal orbit terms are zero under the assumptions of
the theory, the drag coefficient can be simplified to
Cd =
∞∑
m=0
∞∑
n=0
(Amn cosmE cos nφ + Cmn cosmE sin nφ). (138)
Instead of re-deriving the analytical change for the nadir-pointing
and inertially stabilized cases, an approximation is made for the
drag-coefficient. The orbit-fixed terms are averaged over the orbit
weighted by the density in order to obtain more accurate body-fixed
Fourier coefficients. Therefore, the body-fixed Fourier coefficients
can be written as
An0 =
∫ 2pi
0 ρAn(E)dE∫ 2pi
0 ρdE
=
∫ 2pi
0 ρ
∑∞
m=0Amn cosmEdE∫ 2pi
0 ρdE
=
∑∞
m=0 Amn Im
I0
.
(139)
Bn0 =
∫ 2pi
0 ρBn(E)dE∫ 2pi
0 ρdE
=
∫ 2pi
0 ρ
∑∞
m=0 Cmn cosmEdE∫ 2pi
0 ρdE
=
∑∞
m=0 Cmn Im
I0
.
(140)
The body-fixed Fourier coefficients calculated using Eqs. 139 and
140 can be used in the theory developed in Section 5 for a more
accurate computation of the change in the orbital elements.
6 CIRCULAR ORBITS
Under the assumptions of this work, the drag-coefficient variation
due to ambient parameters is zero at a constant altitude. Therefore,
only the zeroth order coefficient remains in theOFFmodel. The drag-
coefficient can still vary due to attitude and therefore, the higher order
BFF coefficients are still non-zero. For the nadir pointing profile,
φ = 0 and the CD remains constant. But for the inertially stabilized
profile, φ = E. Therefore, the change in semi-major axis can be
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Table 1. Nomenclature for the graphical results
Case Description
Fourier CD Full Fourier theory developed here
KH: Averaged CD
Original King-Hele formulation
with derived density-averaged CD
KH: Perigee CD
Original King-Hele formulation
with CD evaluated at perigee
KH: Order 0 CD
Original King-Hele formulation
with zeroth order Fourier coefficient
written from Eq. 22 as
∆a = −a2δ′
∫ 2pi
0
(1 + e cos E)3/2
(1 − e cos E)1/2
∞∑
n=0
(An cos nE + Bn sin nE)
× ρdE
= −2πa2δ′ρA0.
(141)
since density is constant for a circular orbit. Therefore, the higher-
order Fourier coefficients do not contribute to the change in orbital
elements for an inertially stabilized profile in a circular orbit.
7 VALIDATION RESULTS
The theory developed in Sections 4 and 5 is validated through com-
parisonswith numerical integration of simulated satellite trajectories.
The satellite orbits are simulated under the assumptions of the King-
Hele theory. Only the two-body and atmospheric drag forces are
considered in the dynamics. A spherically symmetric and exponen-
tially decaying atmosphere is assumed with a constant scale height.
For the OFF model, a spherical satellite is considered such that there
are no variations in the attitude. For the BFF model, non-spherical
satellites are considered with the only variations considered in the
drag-coefficient being due to attitude, unless stated otherwise. The
drag-coefficients are modeled using the diffuse reflection incom-
plete accommodation (DRIA) model that linearly combines drag-
coefficients based on clean surfaces and satellite surfaces completely
covered by atomic oxygen (Walker et al. 2014). Note that the model
is not valid for altitudes greater than 500 km. Since the variation
of drag-coefficient is not well understood for higher altitudes, the
DRIA model is used for all altitudes. With future developments in
drag-coefficient modeling for higher altitudes, a different model can
be used in the current framework with no changes to the developed
theory. All ambient parameters are modeled using NRLMSISE-00
Picone et al. (2002) as the atmospheric model. The qualitative results
are independent of the specific attributes of the atmosphere and the
satellite surface; therefore, the details have been left out. The errors
between the analytically and numerically computed changes in semi-
major axis and focal length are compared for the Fourier theory and
the original King-Hele theory with three constant drag-coefficients
- the zeroth-order Fourier coefficient, the drag-coefficient evaluated
at perigee and the derived density-averaged drag-coefficient, sum-
marized in Table 1. The orbital elements and satellite parameters in
Table 2 remain constant for all the cases.
7.1 Test cases for OFF model
A spherical satellite with perigee at 300 km and apogee at 500 km
and 7000 km for low and high eccentricity regimes respectively
Table 2. Simulation parameters common for all the cases
Parameter Value
Orbital
elements
i0 65
◦
Ω0 60
◦
ω0 40
◦
Satellite
parameters
m 500 kg
S 10 m2
is considered for the OFF theory. The density parameters at the
perigee for both cases are ρp0 = 1.9417e − 11 kg/m3 and H =
49.23 km corresponding to a mean solar activity level (F10.7 = 150
s.f.u). The drag coefficient for the low and high eccentricity cases
along with the Fourier coefficients are plotted in Fig. 1. The Fourier
series approximates the drag-coefficient at lower eccentricities more
accurately than at higher eccentricities and the Fourier coefficients
decrease more rapidly for higher orders in the former. In the high
eccentricity case, the drag-coefficient from E = 40◦ to E = 320◦
does not affect the orbit since the altitude within that range is greater
than 1000 km.
Time-profiles of the errors in the analytically computed change in
semi-major axis and focal-length compared to the numerical results
are plotted in Fig. 2 for low and high eccentricities. The figures
depict errors for the Fourier theory as well as the original King-Hele
theory with three constant drag-coefficients. The error for the order
0 drag-coefficient is plotted separately as it is much larger than the
other errors. It can be seen that the results of the full Fourier theory
and the derived average drag-coefficient are similar though the full
Fourier theory gives a more accurate focal-length change in the low
eccentricity regime. They both perform an order of magnitude better
than the perigee CD .
The relative errors in the analytical semi-major axis and focal-
length over a single orbital period are computed for a grid of perigee
and apogee heights with a constraint of 0.01 < e < 0.15 in the
low eccentricity regime and 0.25 < e < 0.75 in the high eccentricity
regime to avoid truncation errors. The errors are plotted in Fig. 3 and 4
for low and high eccentricity regimes respectively. The performances
of the full Fourier theory and the original King-Hele formulationwith
the derived average CD are similar to each other except for focal-
length for low eccentricity regime. The relative errors are largest for
high perigees and apogees since the change in the orbital elements
over an orbital period is very small at such high altitudes. The relative
errors for perigee CD and order 0 CD are worse throughout the grid.
7.2 Test cases for the BFF model
To validate the BFF model, a symmetric cubical satellite with equal
properties for all the six surfaces is considered with the perigee and
apogee altitudes same as the previous case. The drag coefficients for
the nadir-pointing and inertially stabilized cases are plotted in Fig.
5. The variation in the drag-coefficient for the nadir-pointing case is
very small for the low eccentricity regime since the flight-path angle
is very small. On the other hand, the drag-coefficients for the inertial
case are similar for both eccentricity regimes since φ undergoes a
complete rotation. For a symmetric cubical satellite, only the cosine
Fourier coefficients with orders that are multiples of four are non-
zero. All the sine Fourier coefficients are zero due to symmetry.
The errors between the Fourier theory and the numerical results are
compared with the original formulation with the three constant drag-
coefficients in Fig. 6 for low and high eccentricities. The averaged
CD and the full Fourier theory have similar errors in the both the
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Figure 1. Diffuse reflection incomplete accommodation (DRIA) modeled drag-coefficient and Fourier coefficients for the OFF model in the (a) low eccentricity
regime; (b) high eccentricity regime.
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Figure 2. Error between analytical and numerical changes in semi-major axis and focal length for the the OFF model and the original King-Hele (KH) theory
with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in (a) low eccentricity regime and (b) high eccentricity regime
eccentricity regimes. This is also demonstrated by relative errors over
a grid of perigee and apogee altitudes in Figs. 7 and 8. It should be
noted that the variation of drag-coefficients is very small for a nadir-
pointing profile as seen in Fig. 5. In the high eccentricity regime,
most of the variation is in higher altitudes, which has a negligible
contribution to the orbit. Therefore, the averaged and full King-Hele
theory are expected to perform similarly.
For the inertially stabilized case, the averaged CD performs better
than the full Fourier theory for the particular perigee and apogee
heights considered as shown in Fig. 9. Over a grid of perigee and
apogee altitudes, the full Fourier theory has a larger variation of
relative errors in Figs. 10 and 11. But overall, it performs better than
the averaged drag-coefficient; the errors for the full theory are smaller
for 65.7 % cases of the grid for semi-major axis and 77 % cases for
focal-length in the low eccentricity regime.
In order to test the theory for the argument of perigee change, an
asymmetrical satellite is considered with non-zero Bn. The satellite
is considered to be of half-trapezoidal shape with one face inclined
at 45◦. All the six surfaces are considered to have different material
properties such that the satellite is asymmetric in the body frame.
The semi-major axis, focal-length and argument of perigee errors for
low eccentricity regime are plotted in Fig. 12. The full Fourier theory
performs better than the averaged drag-coefficient for 95 % of the
cases for semi-major axis but for 41 % of the cases for focal-length.
For a constant drag-coefficient, the argument of perigee change is
zero. Therefore, 100 % relative errors are obtained with the original
King-Hele formulation. With the full Fourier theory, the errors are
less than 100 % for around 61 % of the cases. The results are not
shown for high-eccentricity regime because the change in argument
of perigee over an orbit is negligible.
The inertially stabilized case ismore interesting since the argument
of perigee change is larger in this case due to larger variations in the
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Figure 3. Relative error in analytically computed change in (a) semi-major axis and (b) focal length compared to numerical results for OFF model and original
King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in low eccentricity regime
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Figure 4. Relative error in analytically computed change in (a) semi-major axis and (b) focal length compared to numerical results for OFF model and original
King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in high eccentricity regime
drag-coefficient. The errors in the orbital elements are plotted in Fig.
13. It is evident that the full Fourier theory performs better than the
averaged drag-coefficient for all the orbital elements. Similar to the
nadir-pointing case, the argument of perigee variation is negligible in
the high-eccentricity regime and therefore, the results have not been
shown here.
7.3 Test cases for the BODF model
In order to validate the BODF model, the asymmetrical satellite in-
troduced for the BFF model is considered. The results of BODF are
compared with BFF for which the Fourier coefficients are evaluated
at perigee. Figs. 14 and 15 plot the relative errors for the BODFmodel
compared to BFF model and constant drag-coefficients for low and
high eccentricity regimes. The argument of perigee errors are cal-
culated only for the BODF model. It can be seen that in both cases,
BODF has the highest accuracy in maximum areas of the grid, fol-
lowed by the averaged drag-coefficient except for focal length in low
eccentricity regime. Simply averaging the BFF coefficients weighted
by density over the orbit can improve the prediction performance
over a constant set of BFF coefficients evaluated at perigee.
The simulation results for BFF, OFF and BODF models clearly
demonstrate that capturing the periodic variation of the drag-
coefficient in orbit can lead to improvements in predicting the evo-
lution of the orbital elements. For many of the cases, the density-
averaged drag-coefficient derived from the full Fourier theory is as
accurate as the full Fourier theory. Therefore, if using the origi-
nal King-Hele theory, the density-averaged drag-coefficients derived
in Eqs. 44, 78 and 117 should be used depending on the case. It
should be noted that for periodic attitude profiles, such as the cases
considered here, the drag-coefficient variation due to both ambient
parameters and attitude can be captured using OFF model. But the
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Figure 5. Diffuse reflection incomplete accommodation (DRIA) modeled drag-coefficients for the BFF model in the nadir pointing and inertially stabilized
cases; (b) Fourier coefficients for the BFF model.
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Figure 6. Error between analytical and numerical changes in semi-major axis and focal length for the the BFF model and the original King-Hele (KH) theory
with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in (a) low eccentricity regime and (b) high eccentricity regime for a
nadir-pointing satellite
theory developed here considers the BFF model separately since the
BFF coefficients are physically different from OFF coefficients and
are fixed to the body-frame. Therefore, they don’t have to be evaluated
for different orbital parameters unlike the OFF coefficients.
8 CONCLUSION
This paper addresses the problem with a constant drag-coefficient
in the King-Hele theory and derives a modified theory with a time-
varying drag-coefficient. Under the assumptions of the original King-
Hele formulation for a symmetric exponentially decaying atmosphere
with a constant scale height, the drag-coefficient dependence on
ambient parameters is periodic and can be expressed as a Fourier
series in the orbit-fixed frame. Similarly, the variation of the drag-
coefficient with orientation of the velocity vector in the body frame
can be captured using a Fourier series expansion in the body-frame.
Using these two models, the King-Hele theory is extended to in-
clude the variation of drag-coefficient in the averaging equations.
An approximate framework is provided to capture the dependence
of the drag-coefficient on both body and orbit dependent factors.
In the original King-Hele theory and subsequent modifications, the
constant drag-coefficient that should be used is not explicitly stated
since the variation of drag-coefficient is not considered. This paper
provides an analytical formula for the constant drag-coefficient that
approximates the full Fourier theory most accurately. The developed
theory predicts secular changes in the argument of perigee for an
asymmetrical satellite with periodic attitude variations whereas the
original King-Hele formulation states the change to be zero under
the assumptions of the theory. The simulation results for the body-
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Figure 7. Relative error in analytically computed change in (a) semi-major axis and (b) focal length compared to numerical results for BFF model and original
King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in low eccentricity regime for a nadir pointing
profile
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Figure 8. Relative error in analytically computed change in (a) semi-major axis and (b) focal length compared to numerical results for BFF model and original
King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in high eccentricity regime for a nadir-pointing
profile
fixed Fourier (BFF), orbit-fixed Fourier (OFF) and body-orbit double
Fourier (BODF) models demonstrate that the predictions of orbital
element evolution can be improved by allowing the drag-coefficient
to vary in the averaging integrals. The improvements can be orders
of magnitude depending on the constant drag-coefficient being used.
This development can lead to improvements in estimation of orbital
lifetimes and derivation of densities fromorbit decay data. The theory
developed for OFF model can be used for satellites with no varia-
tions in attitude or whose attitude profiles are unknown. The BFF
model with the Fourier coefficients averaged in the orbit can be used
for a general case with a known attitude profile. Additionally, the
averaged equations for OFF and BFF models can be used in semi-
analytical theories of satellite orbit propagation by considering the
slow variation of the Fourier coefficients due to their dependence on
the semi-major axis and eccentricity that will be addressed in future
work.
The theory developed in this paper is independent of the underlying
physical model for the drag-coefficient being used. Therefore, future
developments in drag-coefficient modeling can be used to improve
estimates of the Fourier coefficients, especially at higher altitudes,
that can be then used in this theory to increase fidelity of orbital el-
ement predictions. Moreover, the theory can be easily supplemented
with other modifications developed in literature such as extensions
to accommodate generic atmospheric density models and adapting
the theory to non-singular elements, to provide a complete analytical
theory for a satellite in an atmosphere.
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Figure 9. Error between analytical and numerical changes in semi-major axis and focal length for the the BFF model and the original King-Hele (KH) theory
with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in (a) low eccentricity regime and (b) high eccentricity regime for an
inertially stabilized satellite
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Figure 10. Relative error in analytically computed change in (a) semi-major axis and (b) focal length compared to numerical results for BFF model and original
King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in low eccentricity regime for an inertially stabilized
profile
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Figure 11. Relative error in analytically computed change in (a) semi-major axis and (b) focal length compared to numerical results for BFF model in and
original King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in high eccentricity regime for an inertially
stabilized profile
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Figure 12. Relative error in analytically computed change in (a) semi-major axis, (b) focal length and (c) argument of perigee compared to numerical results
for BFF model in and original King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in low eccentricity
regime for a nadir-pointing asymmetrical satellite
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Figure 13. Relative error in analytically computed change in (a) semi-major axis, (b) focal length and (c) argument of perigee compared to numerical results
for BFF model in and original King-Hele (KH) theory with three constant drag-coefficients (density-averaged, perigee and order 0 Fourier) in low eccentricity
regime for an inertially stabilized asymmetrical satellite
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Figure 14. Relative error in analytically computed change in (a) semi-major axis, (b) focal length and (c) argument of perigee compared to numerical results for
BODF model, BFF model with coefficients evaluated at perigee and and original King-Hele (KH) theory with two constant drag-coefficients (density-averaged
and perigee) in low eccentricity regime for an inertially stabilized profile
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Figure 15. Relative error in analytically computed change in (a) semi-major axis, (b) focal length and and (c) argument of perigee compared to numerical results
for BODFmodel, BFFmodel with coefficients evaluated at perigee and and original King-Hele (KH) theory with two constant drag-coefficients (density-averaged
and perigee) in high eccentricity regime for an inertially stabilized profile
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